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This series of two papers presents a three-dimensional ﬁnite volume model for shallow geothermal
systems. In this part, an efﬁcient computational model describing heat and ﬂuid ﬂow in ground-source
heat pumps is formulated. The physical system is decomposed into two subdomains, one representing a
soil mass, and another representing one or a set of borehole heat exchangers. Optimization of the
computational procedure has been achieved by, ﬁrst, using a pseudo three-dimensional line element for
modeling the borehole heat exchanger, and second, using a combination of a locally reﬁned Cartesian
grid and a multigrid with hierarchal tree data structure for discretizing and solving the soil mass
governing equations. This optimization made the model computationally efﬁcient and capable of
simulating multiple borehole heat exchangers embedded in a multilayer system, in relatively short CPU
time. In Part II of this series, veriﬁcations and numerical examples describing the computational
capabilities of the model are presented.
& 2012 Elsevier Ltd. All rights reserved.
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1. Introduction
Geothermal heat is a renewable source of energy generated in
the core of the earth, about 6000 km below the surface. Geothermal energy offers a number of advantages over conventional
fossil-fuel resources, particularly the geothermal heat resources
are locally available, renewable, economic, and their environmental impact in terms of CO2 emissions is signiﬁcantly lower.
Deep geothermal resources have been exploited for the production of electricity and other direct uses (Bertani, 2005). Shallow
geothermal resources have been widely used for direct uses,
mainly space and greenhouse heating purposes (Lund et al.,
2005). In this contribution, focus is placed on shallow geothermal
systems, mainly the ground-source heat pumps.
Currently, different numerical methods have been utilized for the
simulation of shallow geothermal systems. The ﬁnite difference
method seems to dominate this research ﬁeld, as it is traditionally
utilized to solve heat ﬂow problems. It is employed by Eskilson and
Claesson (1988), Clauser (2002), Sliwa and Gonet (2005), Lee and
Lam (2008), among others. The ﬁnite element method is recently
gaining momentum and seems to be ﬁrst employed by Muraya
(1994), followed by, among others, Al-Khoury et al. (2005, 2010),
Al-Khoury and Bonnier (2006), Marcotte and Pasquier (2008),
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Diersch et al. (2011a,b) and Raymond et al. (2011). The ﬁnite
volume method has also been utilized to model ground-source heat
exchangers. One of the earlier works in this ﬁeld is that by
Yavuzturk (1999), who developed a two-dimensional, fully implicit
ﬁnite volume model using an automated parametric grid generation
algorithm for different pipe sizes, shank spacing and borehole
geometry. Rees et al. (2004) used the ﬁnite volume method to
develop an axial-symmetric BHE-soil with groundwater ﬂow model.
This model was later extended and utilized by He et al. (2011) to
simulate three-dimensional ground-source heat pumps. A multiblock structured mesh is used in this model, allowing the simulation
of complex geometry around the borehole heat exchangers (BHE).
Most efforts for developing numerical models for shallow
geothermal systems are spent on tackling two main issues:
disproportional geometry and heat convection. Shallow geothermal systems, particularly vertical ground-source heat pumps,
consist of very slender borehole heat exchangers (BHE) embedded
in a vast soil mass. This geometrical peculiarity exerts enormous
computational burden, as a combination of very ﬁne elements
(cells) and coarse elements (cells) is normally needed to discretize
the computational domain. For three-dimensional systems, this
normally requires hundreds of thousands to millions of elements,
making the CPU time unrealistic for engineering purposes. This
problem exuberates in the presence of convection and groundwater ﬂow. Governing equations of cases with relatively high
Peclet numbers behave like hyperbolic functions, which require
ﬁne meshes (grids) and proper upwind schemes. Different
solutions have been proposed in literature for tackling these
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problems. Here, we utilize the numerical model proposed by AlKhoury et al. (2005), Al-Khoury and Bonnier, (2006).
In this contribution, a three-dimensional ﬁnite volume model
for heat and ﬂuid ﬂow in ground-source heat pumps is formulated. A structured locally reﬁned grid is utilized for the discretization of the spatial domain, and the theta method for the
discretization of the temporal domain. The physical model is
decomposed into two subdomains, one representing the soil
mass, and the other representing one or more borehole heat
exchangers. The soil mass is simulated as a fully saturated porous
medium with groundwater ﬂow, and the BHE is modeled using a
pseudo three-dimensional line element. The thermal interaction
between the BHE and soil mass is calculated sequentially by
considering each one of them as a heat source to the other one,
located at the contact surface between them.
In the following, governing equations representing the initial
and boundary value problem of typical ground-source heat pumps
are given. Then, a detailed formulation of the corresponding ﬁnite
volume model is described. Later, a solution algorithm is outlined.

2. Governing equations
Governing equations of a shallow geothermal system, in
particular, a ground-source heat pump, comprise heat equations
and initial and boundary conditions of a soil mass and a borehole
heat exchanger. The governing equations of the soil mass include
also the continuity equation of the groundwater ﬂow.

Heat transfer in a shallow geothermal system arises from the
thermal interaction between the borehole heat exchangers and
the soil mass. In a one-phase soil mass, constituting a solid
skeleton, heat is merely conductive, while in the presence of
groundwater ﬂow, the soil mass constitutes a multiphase porous
medium and the heat ﬂow in this case is conductive-convective.
In typical shallow geothermal systems, it is reasonable to assume
that the groundwater ﬂow is steady-state, and occurs in conﬁned
fully saturated soil layers. Furthermore, the groundwater ﬂow is
independent of temperature, but the temperature of the soil is
highly dependent on the groundwater ﬂow.
In the presence of groundwater, the transient heat ﬂow
balance equation of a soil mass can be described as
@T
¼ rðkrTÞrðrw cw vTÞ þ Hðx,y,zÞ
@t

ð1Þ

in which the subscript w refers to water, rc (J/m3 K) is the
volumetric heat capacity, with r (kg/m3) the mass density and c
(J/kg K) the speciﬁc heat capacity, k (W/m K) is the thermal
conductivity tensor, v (m/s) is the Darcy velocity vector and
H(x,y,z) is a heat source. In practice, k ¼ lx ¼ ly ¼ lz ¼ l, and for a
two-phase material, the thermal conductivity and the volumetric
heat capacity are described in terms of a local volume average, as

P

rg

þz

ð4Þ

where P/rg is the pressure head and z is the elevation head. The ﬂuid
ﬂow balance equation, describing groundwater ﬂow, is expressed as
S

@j
¼ rðkjÞ þQ ðx,y,zÞ
@t

ð5Þ

in which S (m  1) is the speciﬁc storage coefﬁcient, which represents
the amount of water released per unit area per head gradient and
Q(x,y,z) is a source or a sink.
2.1.1. Soil initial and boundary conditions
For the ﬂuid ﬂow, the initial condition in the soil mass, at time
t¼ 0, is described in terms of the hydrostatic head as

jðx,y,z,0Þ ¼ j0 ðx,y,zÞ

ð6Þ

The boundary conditions for groundwater ﬂow is most likely
associated with a head difference between an upper stream and a
lower stream occurring in a conﬁned aquifer, described as

jðx ¼ 0, y, zÞ ¼ j1 , on x ¼ 0 surface
jðx ¼ L, y, zÞ ¼ j2 , on x ¼ L surface
on any of the boundary surfaces
krj n ¼ J,

ð7Þ

in which L is the length (along the x-axis) of the distance between
two known hydraulic heads, and J is a ﬂuid ﬂux.
For the heat ﬂow, the initial condition of the soil mass, at time
t¼ 0, is deﬁned as the steady-state condition
ð8Þ

Boundary conditions associated with a shallow geothermal
ﬁeld might be:
Tðx,tÞ ¼ f ðx,tÞ,

on a point or a surface x

krTn ¼ bas ðT s T a Þ, on the surface in contact with the air
k

@T
¼ bgs ðT s T g Þ,
@n

in which Ta is the air temperature, bas is the convective heat
transfer coefﬁcient at the surface in contact with the air, Tg is the
pipe (grout) temperature and bgs is the reciprocal of the thermal
resistance between the soil and the grout (borehole).
2.2. Borehole heat exchanger heat equations
Heat transfer in a borehole heat exchanger is conductiveconvective and arises from the ﬂow of a working ﬂuid (refrigerant) circulating the pipes, and the thermal interaction between
the borehole components and the surrounding soil mass. Heat
transfer equations of a typical single U-tube BHE consisting of a
pipe-in (denoted as i), a pipe-out (denoted as o), and a grout
(denoted as g) can be described as (Al-Khoury, 2006)
Pipe-in
@T i
@2 T
@T
lr 2i þ rcr u i ¼ big ðT g T i Þ
@t
@z
@z

ð10Þ

Pipe-out

rcr

ð3Þ

in which k ¼ ðk~ rg=mÞ is the hydraulic conductivity tensor, commonly termed permeability (m/s), where k~ (m2) is the intrinsic
permeability tensor, m (kg/ms) is the dynamic viscosity, and
g (m/s2) is the gravity. In engineering practice, k¼kx ¼ky ¼ kz ¼k.

ð9Þ

on the surface in contact with a BHE

ð2Þ

where the subscript s refers to solid, and n is the material
porosity. The Darcy velocity vector can be described as
v ¼ k rj

j¼

rcr

l ¼ ð1nÞls þ nlw

rc ¼ ð1nÞrcs þnrcw

j (m) in Eq. (3) is the total head, deﬁned as

Tðx, y, z, 0Þ ¼ f ðx, y, zÞ

2.1. Soil heat and continuity equations

rc

291

@T o
@2 T o
@T o
lr
¼ bog ðT g T o Þ
rcr u
@t
@z
@z2

ð11Þ

Grout

rcg

@T g
@2 T g
lg
¼ big ðT i T g Þ þbog ðT o T g Þ þbgs ðT s T g Þ
@t
@z2

ð12Þ
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in which the subscript r represents the working ﬂuid (refrigerant),

convection with constant surface heat ﬂux, the Nusselt number is:

u denotes the ﬂuid velocity, Ts is the soil temperature in contact

Nu ¼ 4:36

with the grout, big is the reciprocal of the thermal resistance
between pipe-in and grout, bog is the reciprocal of the thermal
resistance between pipe-out and grout, and bgs is the reciprocal of
the thermal resistance between the soil and the grout. The left
hand-side of Eqs. (10)–(12) act on the volume of the speciﬁc
component, and the right-hand side act on the contact surface
area between interacting components. For simplicity of notation
the subscript r will not be used unless necessary. This formulation
can be extended to other types of borehole heat exchangers. For
this see Al-Khoury, 2012.
This formulation emphasizes that, as manifested physically, the
thermal interaction between the BHE components occurs via the
grout, which works as an intermediate medium, transferring heat
from one pipe to another and vice versa. The inclusion of the
thermal interaction in the mathematical model alleviates the need
for three-dimensional ﬁnite volume spatial discretization of the
component geometry and allows for the use of a one-dimensional
discretization. Such a reduction in the spatial discretization
reduces signiﬁcantly the grid size, making the calculation computationally feasible.
2.2.1. BHE initial and boundary conditions
Initially, at t ¼0, the temperature in the borehole heat exchanger is equal to the steady-state temperature in the soil before the
heating/cooling operation starts, i.e.
T i ðz,0Þ ¼ T o ðz,0Þ ¼ T g ðz,0Þ ¼ T s ðz,0Þ

T i ð0,tÞ ¼ T in ðtÞ

ð14Þ

In the second boundary condition, at the outlet of pipe-out,
z¼0, the ﬂux is described as
@T o ð0,tÞ
¼0
@z

ð15Þ

2.2.2. Heat transfer coefﬁcients
Heat transfer coefﬁcients can be calculated using three different methods: experimental, analytical or numerical, and analogy
to thermal circuits (Al-Khoury, 2012). Here we use the analogy to
the thermal circuits, namely the Y conﬁguration. Following this
conﬁguration, heat transfer coefﬁcients for pipe-in – grout and
pipe-out – grout can described as
1
,
Rig

bog ¼

For convection with constant surface temperature, the Nusselt
number is:
Nu ¼ 3:66

ð19Þ

Turbulent ﬂow: Gnielinski correlation for turbulent ﬂow in
tubes is:
Nu ¼

ðf =8ÞðRe1000ÞPr
1þ 12:7ðf =8Þ1=2 ðPr2=3 1Þ

1
Rog

0:5 o Pr o200

,

3000o Re o 5E6

ð20Þ

where f is the Darcy friction factor deﬁned, for smooth tubes, as
f ¼ ð0:79ln ðReÞ1:64Þ2

ð21Þ

Dittus-Boelter correlation for turbulent ﬂow in tubes is:

Nu ¼ 0:023 Re

4=5

0:7 oPr o 160
Re Z 10 000

n

Pr ,

ð22Þ

L=D Z10
where n ¼0.4 for heating and n¼ 0.3 for cooling, Pr is the Prandtl
number and Re is the Reynolds number deﬁned as Re  ðuDi =nÞ,
with u(m/s) the average refrigerant velocity, and n  (mm/r) the
kinematics viscosity (m2/s) with mm (N s/m2) the refrigerant
mass-based viscosity and r (kg/m3) its mass density. In the
literature, the motion is usually considered turbulent for
Re42000. In practice Dittus-Boelter is used for smooth pipes.
Sieder–Tate correlation for turbulent ﬂow in tubes is:

ð13Þ

in which Ts is the soil temperature immediately around the
borehole.
Boundary conditions typically involved in an operating BHE
are of two types: Dirichlet and Neumann. In the ﬁrst boundary
condition, at the inlet of pipe-in, z ¼0, the temperature is equal to
the ﬂuid temperature at the moment it enters into pipe-in, that is

big ¼

ð18Þ

Nu ¼ 0:027Re4=5 Pr1=3



m
ms

0:14

0:7o Pr o 16 700
,

Re Z10 000

ð23Þ

L=D Z 10

where m is the ﬂuid viscosity at the bulk ﬂuid temperature, and ms
is the ﬂuid viscosity at the heat transfer surface temperature. This
correlation is implicit non-linear, since the ﬂuid viscosity is a
function of the ﬂuid Nusselt number. It is accurate and valid for a
wider range of applications.
The same formulation is valid for Rog.
The heat transfer coefﬁcient for grout-soil is described as
bgs ¼

1
Rig þ Rog þ Rgs

ð24Þ

where Rig is as described earlier (same is valid for Rog), and Rgs
may take this form:
Rgs ¼

r g lnðr g =r eq Þ

lg

ð25Þ

in which rg is the radius of the grout (borehole), and r eq ¼
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 2in þ r 2out (rin ¼ pipe-in radius and rout ¼pipe-out radius).

ð16Þ
3. Finite volume discretization

where
Rig ¼ Rconvection þ Rpipematerial ¼

1
r o =r i h

þ

r o lnðr o =r i Þ

lp

ð17Þ

is the pipe-in – grout thermal resistance, with ri and ro the inner
and the outer radius of the pipe-in respectively, lp the thermal conductivity of the pipe-in material, and h ¼ ðNu l=DÞ,
where D is the inner diameter of the pipe, and Nu is the Nusselt
Number, which can be deﬁned as (http://en.wikipedia.org/wiki/
Nusselt_number).
Laminar ﬂow: For fully-developed internal laminar ﬂow in
cylindrical tubes, the Nusselt numbers are constant. For

The ﬁnite volume method is a numerical technique used for
solving partial differential equations, mainly those related to
transport phenomena. One of the important features of the
ﬁnite volume method, as compared to the ﬁnite difference
method, is that it can be implemented in a structured or
unstructured mesh. Also, unlike the ﬁnite element method, the
boundary conditions in the ﬁnite volume method are not invasive,
giving more stability to the numerical processes. In this section,
the ﬁnite volume method is utilized to discretize the spatial and
the temporal domains of the initial and boundary value problems
outlined above.
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Z

3.1. Spatial and temporal discretization
Using the ﬁnite volume method, the volume integrals of the
involved partial differential equations are transformed into surface integrals by means of the divergence theorem. These terms
are evaluated as ﬂuxes at the surfaces of each ﬁnite volume. As
the ﬂux entering a given volume is identical to that leaving, the
resulting system of equations is locally conservative.
Here, derivatives of the convection terms are discretized
using a weighted cell-centered-upwind second-order scheme,
and derivatives of the diffusion terms are discretized using the
conventional cell-centered scheme. The temperature and the
velocity are discretized on a staggered grid, entailing that
the temperature is located at the center of the cell and the
velocity vector is located at its surfaces, Fig. 1. This ﬁgure shows
upstream sides, denoted as w, and s, and their corresponding
downstream sides, denoted as e and n. The upstream and the
downstream in the z-direction, not shown in the ﬁgure, are
denoted as t and b respectively.

Z
@vT
dV ¼ vTny dS ¼ ðvn T n vs T s ÞDxDz
V @y
S
Z
Z
@wT
dV ¼ wTnz dS ¼ ðwt T t wb T b ÞDxDy
V @z
S

3.1.1.1. Heat ﬂow. The soil heat equation, Eq. (1), can be written in
an integral form as

Z 
@T
rc þ rw cw ðrvTÞrðkrTÞH dV ¼ 0
ð26Þ
@t
V

where u, v and w are the Darcy velocity components along x, y
and z axis respectively.
In a cell with a grid point (i,j,k) at the center, the right-hand
side of Eq. (29) can be evaluated by weighted ﬁrst order upwind
and central difference, such that


@uT
@uT 
@uT 
¼a
þ
ð1
a
Þ
ð30Þ
@x
@x upwind
@x cen
in which a is a weighting factor. In e-w direction, this gives
1
ðue þ 9ue 9ÞT i,j,k þ ðue 9ue 9ÞT i þ 1,j,k
2

ðuw þ 9uw 9ÞT i1,j,k ðuw 9uw 9ÞT i,,j,k

1
ðT i,j,k þ T i þ 1,j,k Þue ðT i,j,k þ T i1,j,k Þuw
ðue T e uw T w Þcen ¼
2
ðue T e uw T w Þupwind ¼

ð31Þ

1
ðvn þ9vn 9ÞT i,j,k þðvn 9vn 9ÞT i,j þ 1,k
2

ðvs þ 9vs 9ÞT i,j1,k ðvs 9vs 9ÞT i,j,k

1
ðT i,j,k þ T i,j þ 1,k Þvn ðT i,j,k þ T i,j1,k Þvs
ðvn T n vs T s Þcen ¼
2

ðvn T n vs T s Þupwind ¼

where rvT is in a conservative form that includes the continuity
condition rv ¼0, such that

ð32Þ

In t  b direction, it yields

ð27Þ

1
ðwt þ 9wt 9ÞT i,j,k þ ðwt 9wt 9ÞT i,j,k þ 1
2

ðwb þ 9wb 9ÞT i,j,k1 ðwb 9wb 9ÞT i,j,k

1
ðT i,j,k þ T i,j,k þ 1 Þwt ðT i,j,k þT i,j,k1 Þwb
ðwt T t wb T b Þcen ¼
2

ðwt T t wb T b Þupwind ¼

¼0

Using the divergence theorem, the volume integral of the
convection term is evaluated as
Z
Z
r v T dV ¼ v T n dS
ð28Þ
V

ð29Þ

where 9ue9 represents the absolute value of ue, etc.
Similarly, in n-s direction, gives

3.1.1. 3D soil ﬁnite volume

rvT s ¼ vrT s þT|ﬄﬄ{zﬄ
s rv
ﬄ}

293

S

Integrating the individual components of Eq. (28), and following the notation in Fig. 1, gives
Z
Z
@uT
dV ¼ uTnx dS ¼ ðue T e uw T w ÞDyDz
V @x
S

ð33Þ

In the same way, the diffusion term rU(krT) can be evaluated as
 
 
Z
@2 T
@T
@T  @T 
nx dS ¼ lx
lx 2 dV ¼ lx

Dy Dz
ð34Þ
@x e @x w
@x
V
S @x

Z

The partial derivatives on the right-hand side of Eq. (34) can be
discretized using the central difference approximation, as

T i þ 1,j,k T i,j,k
@T 
¼
@x e
Dx

T i,j,k T i1,j,k
@T 
¼
@x 
Dx

ð35Þ

w

Substituting Eq. (35) into Eq. (34) yields
Z

lx

V



T i þ 1,j,k T i,j,k T i,j,k T i1,j,k
@2 T

dV ¼ lx
DyDz
2
Dx
Dx
@x
T i þ 1,j,k 2T i,j,k þ T i1,j,k
¼ lx
DyDz
Dx

ð36Þ

In the same way,
Z

ly

T i,j þ 1,k 2T i,j,k þ T i,j1,k
@2 T
dV ¼ ly
Dx Dz
Dy
@y2

ð37Þ

lz

T i,j,k þ 1 2T i,j,k þ T i,j,k1
@2 T
dV ¼ lz
Dx Dy
Dz
@z2

ð38Þ

V

Z
Fig. 1. Control volume.

V
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The volume integral of the temporal derivative in Eq. (26) can
be evaluated as
Z
@T
@T
dV ¼
Dx Dy Dz
ð39Þ
@t
V @t
where the time derivative can be discretized as
@T
1 nþ1 n
¼
ðT
T Þ
@t
Dt

ð40Þ

n

T n þ y ¼ yT n þ 1 þ ð1yÞT n
ð41Þ

Putting Eqs. (30)–(40) together, using Eq. (41) and dividing by
DV¼ DxDyDz gives
" 

T n þ 1 T n
@uT @vT @wT n þ y
þ
þ
þ rw cw a
rc
@x
@y
@z upwind
Dt

n þ y #
T i þ 1,j,k 2T i,j,k þT i1,j,k
@uT @vT @wT
þ
þ
 lx
þ ð1aÞ
@x
@y
@z cen
Dx2
T i,j þ 1,k 2T i,j,k þ T i,j1,k
T i,j,k þ 1 2T i,j,k þ T i,j,k1
þ lz
Dy2
Dz2

þy
þ Hni,j,k
¼0

þ
þ

ky

Dy2
kz

Dz2

þ

kx

Dx2

ðji þ 1,j,k 2ji,j,k þ ji1,j,k Þn þ y

þy
ðji,j,k þ 1 2ji,j,k þ ji,j,k1 Þn þ y þQ ni,j,k
¼0

wi,j,k ¼ kz

g

¼ big ðT k 9i T k 9g Þn þ y þ bog ðT k 9o T k 9g Þn þ y þ bsg ðT s T k 9g Þn þ y

ð47Þ

in which Ts denotes the soil temperature, and

ut 9ut 9
@uT 
ut T t ub T b
1 ut þ 9ut 9
¼
Tk þ
Tk þ1
¼
@z upwind
Dz
Dz
2
2
ub þ 9ub 9
ub 9ub 9
T k1 
Tk
2
2

@uT 
ut T t ub T b
1
T þ Tk þ 1
T þ T k1
¼
u k
ub k
¼
@z cen
Dz
Dz t
2
2


ð48Þ

Finite volume discretization of the involved initial and boundary value problems of the soil mass and the borehole heat
exchanger has resulted to two sets of coupled algebraic equations.
These equations are linear and can be solved simultaneously
using direct or iterative solvers. However, and as the governing
equations are non-symmetric and relatively large for typical 3D
shallow geothermal systems, a sequential algorithm is more
feasible. In this work, the soil mass equations are solved iteratively using the multigrid scheme, and the borehole heat exchangers equations are solved using the direct Thomas algorithm. The
two solution schemes are coupled using an iterative algorithm,
outlined hereafter.
4.1. Solving borehole heat exchanger equations

ð43Þ
Collecting terms in Eqs. (45)–(47) gives
ak T k1 þ bk T k þ ck T k þ 1 ¼ f k

The Darcy velocities are calculated as

vi,j,k ¼ ky


!n þ y
T nk þ 1 T nk 
T k þ 1 2T k þ T k1
rg cg
 lr
Dt 
ðDzÞ2

4. Solution algorithm

ðji,j þ 1,k 2ji,j,k þ ji,j1,k Þn þ y

ui,j,k ¼ kx

Grout

ð42Þ

3.1.1.2. Groundwater ﬂow. Evaluating the total head j at the
center of the cell, and using the discretization procedure
outlined above, the ﬁnite volume equation of the groundwater
ﬂow, Eq. (5), can be described as

Dt

ð46Þ

nþy

where the derivative terms are described in Eqs. (30)–(33). y ¼0
gives explicit scheme, y ¼ 1 gives fully implicit, and y ¼1/2 yields
the Crank–Nicholson.

þ1
jni,j,k
jni,j,k

¼ bog ðT k 9g T k 9o Þn þ y

g

Hn þ y ¼ yHn þ 1 þ ð1yÞHn

S



 !n þ y
T nk þ 1 T nk 
@uT 
@uT 
rr cr
þð1aÞ
 rr cr a
@z upwind
@z cen
Dt 
o
o
!n þ y
T k þ 1 2T k þ T k1
lr
ðDzÞ2
o

nþ1

in which T is the value of T at time t and T
is the value at time
t þ Dt, with Dt is the time step. The temperature and the heat
source are evaluated in time using the theta-method as

þ ly

Pipe-out

ji þ 1,j,k ji,j,k

in which T represents pipe-in, pipe-out or grout temperatures,
and a, b, c and f are coefﬁcients deﬁned as

Dx

ji,j þ 1,k ji,j,k
Dy

ji,j,k þ 1 ji,j,k
Dz

Pipe-in
ð44Þ

3.1.2. Borehole heat exchanger ﬁnite volume
Using the discretization procedure for the convection term,
Eq. (33), the diffusion term, Eq. (38) and the theta-method for the
time integration, the ﬁnite volume equations of the borehole heat
exchanger gives
Pipe-in


 !n þ y
T n þ 1 T nk 
@uT 
@uT 
rr cr k
þð1
a
Þ
 þ rr cr a
@z upwind
@z cen
Dt 
i
i
!n þ y
T k þ 1 2T k þ T k1
lr
ðDzÞ2
i
¼ big ðT k 9g T k 9i Þn þ y

ð49Þ

ð45Þ

ak ¼ yðC 2 2aC 1 ð1aÞC 1 Þ
bk ¼ yðC 0 þ 2aC 1 2C 2 Þ þ 1
ck ¼ yðC 2 þð1aÞC 1 Þ
"
#
C 0 ðT nk 9g T nk ÞC 2 ðT nk1 2T nk þT nk þ 1 Þ
f k ¼ ð1yÞ
2C 1 aðT nk T nk1 ÞC 1 ð1aÞðT nk þ 1 T nk1 Þ
þ C 0 yT nk þ 1 9g þ T nk

ð50Þ

where
C0 ¼

big Dt dSig
;
rr cr dV i

C1 ¼

u Dt
;
2 Dzp

C2 ¼ 

lr Dt

rr cr Dz2p

ð51Þ

Pipe-out
Similar equations as those for pipe-in, with
C0 ¼

bog Dt dSog
;
rr cr dV o

C1 ¼ 

u Dt
;
2Dzp

C2 ¼ 

lr Dt

rr cr Dz2p

ð52Þ
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Grout
ak ¼ C g y
bk ¼ ðC g1 þ C g2 þ C g3 2C g Þy þ 1
ck ¼ C g y

"

C g1 ðT no T nk Þ þC g2 ðT ni T nk Þ
f k ¼ ð1yÞ
þ C g3 ðT ns T nk ÞC g ðT nk1 2T nk þ T nk þ 1 Þ
þ y½C g1 T ni þ 1 þ C g2 T no þ 1 þ C g3 T ns þ 1  þ T nk

#

ð53Þ

where
C g1 ¼

big Dt dSig
;
rg cg dV g

C g2 ¼

C g3 ¼

bgs Dt dSgs
;
rg cg dV g

Cg ¼ 

bog Dt dSog
rg cg dV g

lg Dt

rg cg dy2p

ð54Þ

Putting these equations together, a tridiagonal matrix is
obtained, which can be solved by Thomas algorithm. This algorithm is a simpliﬁed Gaussian elimination suitable for tridiagonal
systems of equations. As the thermal interactions between the
borehole components are included in the differential equations,
Eqs. (10)–(12), a one-dimensional (line) cell is sufﬁcient to
describe the heat ﬂow. This reduces the computational cost
signiﬁcantly, making simulation of multiple borehole heat
exchangers very feasible.

recursive routines necessary for the determination of cell-to-cell
connectivity is relatively higher than that for the fully unstructured data structure.
To avoid the shortcomings of both techniques, in this work, an
approach based on the multilevel adaptive reﬁnement (MLAT) is
adopted (Brandt, 1977). In this approach, the multi-level data
structure of the hierarchical tree is utilized together with a locally
structured connectivity. By such a data structure, the direct (i,j,k)
grid connectivity is maintained and can be utilized to connect
cells at a certain grid level. The parent-child tree structure can be
utilized to connect grid cells at different levels. This scheme suites
very well the multigrid concept.
Multigrid techniques are generally accepted as fast and efﬁcient
algorithms for solving many types of partial differential equations.
They exhibit an optimal complexity and are, in theory, independent on the mesh size (Saad, 2003). In this work, the multigrid
algorithm is utilized to solve the ﬁnite volume equations, discretized on the locally reﬁned multi-level grid, described above. The
computational efﬁciency is enhanced by coarsening the grid to the
coarsest possible level, and the solution is conducted by either a V
or a W multigrid cycle, a recursive procedure applied at each grid
level as it moves through the grid hierarchy.

4.2. Solving soil equations
Computing the soil mass energy equation is the most time
consuming in the current model. To minimize the computational
cost, a combination between a locally reﬁned grid and a
geometric multigrid solver is adopted. The soil mass is discretized by a locally structured Cartesian grid using local reﬁnements at regions with high gradients. This algorithm is highly
economic, but the grid of this kind does not have a direct
(i,j,k) structure, normally obtained from the standard structured
Cartesian approach. In the proposed locally structured algorithm, the domain is ﬁrst discretized using a relatively course
grid. Then, cells at regions of interest are divided by eight subcells (four sub-cells in 2D), Fig. 2. The (i,j,k) structure is maintained, as shown below. This process can be repeated if more
reﬁnement is needed. Fig. 3 shows a sketch of a grid reﬁnement
near a point.
Computer coding of a grid consisting of a set of reﬁned
Cartesian cells is commonly managed in two ways: fully
unstructured data structure or hierarchical tree data structure.
In the fully unstructured technique, each cell, in a three-dimensional grid, is connected directly to one or four neighboring cells
on each direction. A main drawback of this approach is that the
stencil of discretization requires awkward interpolations
between neighboring cells that might lead to highly disperse
matrices, known in literature as discretization pollution
(Trottenberg et al., 2001). To avoid this shortcoming, interpolations based on the least square method are employed. However,
the use of such interpolations results to numerical instability,
necessitating some sort of numerical limiters to damp the
numerical oscillations. See, for example, Koh et al. (2003) and
Berger et al. (2005).
The use of the hierarchical tree data structure is an important
alternative. This technique results to a multi-level grid, where
grids of different resolutions are generated and nested over each
other, as shown in Fig. 4. The hierarchical tree structure provides
a logical means of ﬁnding cell-to-cell connectivity and allows
straightforward reﬁnement and coarsening through tree growth
and pruning (Coirier and Powell, 1996). The shortcoming of this
technique, however, is that the calculation time required for the
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Fig. 2. 3D coarse (parent) cell divided into 8 ﬁne (children) cells.

Fig. 3. Grid reﬁnemet around a point.

Fig. 4. A sketch of a multi-level grid.
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One of the important aspects of a multigrid algorithm is the
smoothing process. Here, we applied Gauss Seidel smoothing
because of its simplicity, stability, and ability to damp highfrequency errors. A non-linear multigrid algorithm, namely the
Full Approximation Storage (FAS) multigrid is applied. Even
though the involved governing equations are linear, the use of a
nonlinear multigrid algorithm is known to be highly stable,
especially for problems with local reﬁnement.
The efﬁciency of the multigrid methods degenerates signiﬁcantly in the presence of anisotropy. This problem can be avoided
by semi-coarsening techniques or by linewise smoothing
(Trottenberg et al., 2001). In the present work, the linewise
smoothing is applied because of its simplicity in programming.
The linewise smoother keeps the standard multigrid coarsening,
but changes the relaxation procedure from pointwise to linewise.
That is, all unknowns on a line are updated collectively. The
collective solution of all equations corresponding to a line leads to
a solution of a tridiagonal system of equations, which can be
solved by a direct and cost-efﬁcient algorithm, such as Thomas
algorithm.
Using local reﬁnements in a Cartesian grid, the prescription of
the boundary conditions needs to be mapped to the children cells.
The boundary conditions at the ﬁne grids are interpolated
from their coarser grids. The order of interpolation has to be
higher than the order of accuracy of the computational
scheme (Trottenberg et al., 2001). At least a third order interpolation is required to conserve the second-order accuracy of the
scheme. Here, a ﬁfth order of interpolation is applied.
4.3. Sequential scheme
The discrete set of governing equations of a shallow geothermal system, represented by a soil mass and one or more borehole
heat exchangers, is solved using a sequential scheme, described as
1. Solve the groundwater ﬂow equation, and calculate Darcy
velocity.
2. DO iteration
 Solve the soil energy equation using the multigrid algorithm (iterative solver).
 Identify the soil temperatures at contact surfaces with
the BHEs, and include them to the source vectors of
the BHEs.
 Solve the BHEs energy equations using Thomas algorithm
(direct solver).
 Identify the grout temperatures and include them to the
source vector of the soil mass at the contact surface areas
with the BHEs.
 Check the residual (:Ax  b:/:b:). If it is not converged,
go to 2.
END DO iteration
3. END SCHEME

5. Conclusions
In this contribution, a computationally efﬁcient three-dimensional
ﬁnite volume model for heat and ﬂuid ﬂow in a ground-source heat

pump is formulated. Two main aspects have contributed to the
computational efﬁciency: the borehole heat exchanger model, and
the discretization technique. In the ﬁrst aspect, heat ﬂow in a
borehole heat exchanger is modeled using a pseudo three-dimensional line element. By such a model, thermal interactions between
the BHE components are included in the mathematical model,
alleviating thus the need for geometrical discretization. In the second
aspect, solution of the energy equation of the soil mass, which is the
most CPU time consuming, is conducted via a combination of a
structured locally reﬁned grid and a hierarchal multigrid iterative
solver. By such a grid and solver, computational efﬁciency and
stability are gained. In Part II, the numerical accuracy and the
computationally capabilities of the proposed model are elaborated.
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element modeling of borehole heat exchanger systems—Part 1. Fundamentals.
Computers and Geosciences 37 (8), 1122–1135.
Diersch, H.-J.G., Bauer, D., Heidemann, W., Rühaak, W., Schätzl, P., 2011b. Finite
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